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Totally geodesic property of the Hopf vector field.* 

Yampolsky A. 


Abstract 

We prove that the Hopf vector field is a unique one among geodesic 
unit vector fields on spheres such that the submanifold generated by the 
field is totally geodesic in the unit tangent bundle with Sasaki metric. 
As application, we give a new proof of stability (instability) of the Hopf 
vector field with respect to volume variation using standard approach from 
the theory of submanifolds and find exact boundaries for the sectional 
curvature of the Hopf vector field. * 1 


Introduction 

Let (M, g ) be ( n + l)-dimensional Riemannian manifold with metric g and £ 
a fixed unit vector field on M. Consider £ as a local mapping £ : M —> T\M. 
Then the image £(M) is a submanifold in the unit tangent sphere bundle T\M. 
The Sasaki metric on the tangent bundle TM induces the Riemannian metric 
on T\M and on £(M) as well. So, one may use the geometrical properties of 
this submanifold to determine geometrical characteristics of a unit vector field. 
Namely, a unit vector field £ is said to be minimal if £(M) is of minimal volume 
with respect to the induced metric [6, 4]; £ is totally geodesic if £(M) is totally 
geodesic submanifold in T\M. A complete description of totally geodesic vector 
fields on 2-dimensional manifolds of constant curvature has been given in [14]. 
It was proved that only unit sphere (among non-flat space forms) admits totally 
geodesic unit vector fields (which are non-geodesic ones). In contrast to this 
case, on a 3-dimensional sphere the Hopf (and therefore, geodesic) unit vector 
field is a unique one with globally minimal volume [6]. Since totally geodesic 
submanifold is always minimal, it was natural to suspict that the Hopf vector 
field is totally geodesic in fact. In addition, for the spheres of greater dimensions 
the Hopf vector fields stays minimal but become unstable [10, 6]. Nevertheless, 
something should distinguish the Hopf vector fields. And this something , as we 
prove here, is their totally geodesic property. Namely, ( Theorem 2.1 ) 

Let £ be a unit geodesic vector field on a unit sphere S n+1 . Then £ is totally 
geodesic vector field if and only if n = 2 m and £ is a Hopf vector field. 2 

Using this result we give another proof of stability or instability of the Hopf 
vector fields with respect to volume functional (cf. [5])using a standard formula 
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for the second volume variation from the theory of the submanifolds ( Theorems 
3.1 and 3.2 ). 

The Hopf vector Geld on S 2m+1 is stable for m = 1 and unstable for m > 1. 

We also find an exact boundaries for the sectional cutvature of this field 
( Theorem 4.1 ). 

Sectional curvature of f(S 2m+1 ) varies between \ and |. Minimal bound 
the curvature achieves on f-tangential lift (3) of £-section and maximal on f- 
tangential lift of ip-section in terms of contact metric geometry. 


1 Some preliminaries 

Let ( M,g ) be (n+ l)-dimensional Riemannian manifold with metric g. Denote 
by (•, •) a scalar product with respect to g and by V the Levi-Civita connection 
on M. 

The Sasaki metric on TM is defined by the following scalar product: if 
X,Y £ TTM, then 

(( X,Y)) = (n*X,n*Y) + (KX,KY) (1) 

where 7r* : TTM —> TM is a differential of projection n : TM —> M and 
K : TTM —> TM is the connection map. 

Let £ be a unit vector field on M. A vector field X £ TTM is tangent to 
£(M) if and only if [12] 

1 = (n*X) h + (V^)”, 

where (■)'* and (•) v mean horizontal and vertical lifts of fields into the tangent 
bundle. 

It is well known that f v is a unit normal vector field on Tj M. Let X be 
tangent to M, then 

X t = x v -(x,^)c, 

is always tangent to T\M and is called the tangential lift of X [1]. It is easy to 
see that 

((X t ,Y t )) = (X,Y)-(X,Z)(Y,S). 

Introduce, now, a notion of tangential and £- normal lifts with respect to given 
field f. We proceed in the following way. 

Introduce a shape operator A £ for the field f by 

= -Vx£, 

where X is arbitrary vector field on M. 

Define a conjugate shape operator by 

(A*tX,Y) = (X,AtY). (2) 

Let X , Y be the vector fields on M. Define ^-tangential lift Xf^ and ^-normal 
lift Yj? of X and Y respectively by 

XI = X h - {At-Xf, Yy = (.A\Y) h + Y*. (3) 
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Then, X[ is evidently tangent to £(M). Moreover, 

«X^, Y£)) = ((X\ ( AlY ) h » - «(^X)‘, F 4 » = 

(X, A*F) - (A^X, Y) + (A^X, 0(F, 0 = (A^X, Y) - (A^X, Y) = 0 

and therefore the linear space of all ^-normal lifts coincides with the normal 
space of £(M) at each point. 

To construct a natural tangent and normal orthonormal frames for £(M), 
one can use a singular decomposition of the shape operator A^, based on the 
following linear algebra result ( [9], Theorem 7.3.5 and Exercise 7.3.5) which we 
present here in a slightly modified form. 

Theorem 1.1 A matrix A £ M m>n of rank k may be represented in the form 

A = FYE*, 

where F £ M m and E £ M n are unitary matrices. 

The matrix E = [oy,-] £ M m>n is such that Uij = 0, j / j, an > 022 > 

• • • > <Xkk > <Xk+i,k+i = ■ ■ ■ = a qq = 0, q = min{m, n}. The values {an} = {A,} 
are non-negative square roots of eigenvalues of the matrix AA* and hence are 
uniquely defined. The columns of the matrix F are the eigenvectors of the matrix 
A A* and the columns of the matrix E are the eigenvalues of the matrix A* A. 
Moreover, A* fi = A^e* and Aei = A,/j for i = 1,... ,k. If the matrix A is real, 
then F, E and E can be real. 

The columns of the matrices F and E are called respectively left and right 
singular vectors of matrix A. The values A, are called singular values of the 
matrix A. 

Set A = A^ and apply Theorem 1.1. Since = 0 for any unit vector field 
f , there exist an orthonormal local frames eo, e±,.. ■, e n and /o = f, f\,..., f n 
on M such that 


eo 0, .Ac e Q A afai -Ac f(j 0, A ^ f a A ae a , ex 1 , ..., n , 

where Ai > A 2 > ... A n > 0 are the real-valued functions. 

It is natural to call the functions \ (i = 1 ,...,n) the singular principal 
curvatures of the field f with respect to chosen singular frame. Remark, that 
if necessary one may use the signed singular values fixing the directions of the 
vectors of the singular frame. Setting Ao = 0, we may rewrite the relations on 
singular frames in a unified form 


&i — A ifi, A^ fi — A iei, i 0,1,..., n , 
Aq = 0, Ai,..., A„ > 0. 


( 4 ) 


The following lemma is easy to prove using (2) and (4). 

Lemma 1.1 [12] At each point of f(M) C TM the orthonormal frames 


1 


e,: = 


f(e? - Aitf), 


yr+Af 


i = 0, l,...,n, 
a = 1,... ,n 


( 5 ) 
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form the orthonormal frames in the tangent space of f{M) and in the normal 
space of f{M) respectively. 

Set 

(Vx^f) Y = Vx(^y) - ^VxY. 

If we introduce a half tensor of Riemannian curvature as 

rpr,y)£ = V*Vy£-V v *y£, (6) 

we can easily see that 

-{VxAf)Y = r(X,Y)£. (7) 

Now, we are able to formulate a basic lemma for our considerations. 

Lemma 1.2 [12] The components of second fundamental form of f(M) C TjM 
with respect to the frame (5) are given by 

^cr |ij = ^5 ,/ct}T 

K [Aj(i?(e CT ,ei)^, fj) + A i (i?(e CT ,e i )?,/*)] }, 

w/iere A CTij = [(1 + A^)(l + Af)(l + A|)]~ 1/2 (z, j = 0,1,... ,n; o = 1,... ,n). 

Remark. We say that the given unit vector field is holonomic if £ is a field 
of unit normals for a family of hypersurfaces in M and non-holonomic otherwise. 
If the integral trajectories of f are geodesics in M then f is called geodesic vector 
field. Evidently, in the case of holonomic geodesic unit vector field, Aj becomes 
a usual shape operator for each hypersurface. In this case A^ is self-adjoint 
(symmetric), i.e. 


(A^X, Y) = (X, A(Y) and thus A% = A , e 

with respect to some orthonormal frame. Let R(X,Y)£ = [Vx, Vy]^- Vpc.yi £ 
be a curvature tensor of M. The non-holonomic shape operator satisfies the 
non-holonomic Codazzi equation 

R(X, Y)£ = (VyA s )X - (XxA^Y = r(X, F)£ - r(Y, X)f. (8) 
These facts justify the terminology for the operator Alj and the tensor r. 


2 Proof of the main result. 

In this section we will prove of the following theorem. 

Theorem 2.1 Let £ be a unit geodesic vector field on a unit sphere S n+1 . Then 
£ is totally geodesic vector field if and only if n = 2 m and f is a Hopf vector 
field? . 

3 The nesessary part of the result is true if the vector field satisfies a condition of covarian 
normality, that is , 4 ^ = A | .4 £. 
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Sufficient part of the proof. 

The sufficiency is a consequence of more general considerations involving the 
properties of Killing and Sasakian structure vector fields. Remind that the Hopf 
vector field is both Killing and Sasakian structure characteristic vector field. 

We begin with Killing vector fields. Let M be (n+ l)-dimensional a Rieman- 
nian manifold admitting a Killing vector field £. Then A £ is skew-symmetric 

(A^X, Y) = -(X, A{Y) and thus A\ = -A^ (9) 

with respect to some orthonormal frame. 

The field ( is necessarily geodesic and evidently = 
frames we have eo = /o = £ and e ai f a £ £-*- for all a = 1, 

2m = rank A^. There exists an orthonormal frame 

^0 — Gi, . . . , e m , e m +i, . . - , 62 mi C 2 m+lt • • • } 77 


0. For the singular 
.., n. Moreover, set 


such that 


A^ e a — A a e m -[- ai A^ e m _|_ a a foi cx — 1 ,..., m 

A^eo = 0 , A^e a = 0 for a = 2m + 1,..., n. 


( 10 ) 


From the definition of the singular frame (4), we see that one may set 


foe &m-\-on fm+a — Gq, for Oi — 1, . . . , TTL 

fo = eo, fa = e a for a = 2 m. + 1 ,..., n. 


( 11 ) 


A unit vector field £ is called normal if ( R(X,Y)Z , £) = 0 and strongly 
normal if ((VxA)Y,Z') = 0 for all X,Y,Z £ £-*- [7]. It is evident that each 
strongly normal vector field is always normal. If £ is a unit Killing vector field 
the converse is also true. 

Now we can essentially simplify the result of Lemma 1.2. 


Lemma 2.1 Let ( be a Killing vector field on a Riemannian manifold M n+1 . 
Suppose that rankAj = 2m. Denote e a (a = 1 a singular frame for 

the field £ satisfying (10) and (11). If £ is (strongly) normal then the non-zero 
components of a second fundamental form of £(M) C T\M are given by 


H(7|m+<7 0 — Hm+CT| <r0 


1 K a {l - K a ) 

2 1 + K a 


a = 1 ,..., m, 


where K a are the sectional curvatures of M n+1 along the planes (Ae a . 


Proof. Since £ is a Killing vector field then [4] 

A*tAtX = R(X,Z)Z ( 12 ) 

and hence, the right singular vectors for Killing vector field are the Jacobi fields 
along £- geodesics. Let ei,...,e n be an orthonormal frame of Jacobi fields. 
Then 

-^(Gcn £)£ A-oTck GT 1, . . . , 71, 

where K a are the sectional curvatures of M along (Ae a planes. 
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On the other hand, by definition of singular vectors 


— A a e a . 

Thus K a = A 2 > 0. 

Any Killing vector field £ satisfies 

r(X, Y)£ = f ~(V x At)Y = R(X, £)Y. (13) 

Therefore, Q a | 0 o = (r(eo, eo)£, fa) = 0. Next, from the relation 

^a 5 fa) {^cr 7 i^-a) — ^cr^fcn &a) 

we find \oL^cr(e-<j, fa) = — A^. (/ CT , e a ) and therefore 

^<t|q:0 = 2 ^' (TOl ^ ^ {j'ipa -> ^o)£ T fo) T A <7 A Q; ^i?(e cr , Co)£, /a) j* = 

5A CTa0 |(l?.(e a ,^)^, / CT ) + A tT A a (i?(e CT ,0?,/a)} = 

2 -^o-ao|^A a ^e a ,A A cr A a (e cr , / Q ) j = 

AA^aojA l(e a ,fcr) - K(e a , /<r)} = 

I / c f ) 

Taking into account (11), we get 

- - 1A CT (1-AA) _ , 

* ^<y\ m+cr 0 — ^m+<r| crO — 2 ^ — T * * * > (Tv 

Since £ is strongly normal, 

r(e a ,ep)£~£, R{e a ,e 0 )^ = 0 

for all a, (3 = 1,..., n. Therefore for the remain components we have £i a \ a0 = 0. 


One of the most important examples of Killing vector fields is a characteristic 
vector field of Sasakian structure. Using Lemma 2.1 we can prove the following. 

Lemma 2.2 Let M 2m+1 be Sasakian manifold and £ be a characteristic vector 
field. Then £(M) is totally geodesic in T\M. 

Proof. Let M 2m+1 be an odd dimensional manifold admitting a unit vector 
field £, linear operator <p and 1-form 77 such that 

'fX = -X + r } (X)S, <p£ = 0, r)(<pX) = 0, »?(£) = 1 

for any vector field X on M. A triple (ip, £, rf) is called an almost contact 
structure on M and the manifold is called an almost contact manifold. 

If the almost contact manifold is Riemannian with metric g(-,-) = (•, •) and 

(<pX, <pY) = (X, Y) - v(X)v(Y), n{X) = (X, 0 
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for any vector fields X and Y on M then a tetrad (ip, £, 77 , g) is called an almost 
contact metric structure and the manifold is called an almost contact metric 
manifold. The almost contact metric structure is said to be contact if dg{X , Y) = 
(ipX, Y) for all X, Y. 

The vector field £ is called characteristic vector field of almost contact metric 
structure. This field is always geodesic. If, in addition, £ is a Killing vector field, 
then the almost contact metric manifold is called K-contact. If, moreover, the 
Riemannian curvature tensor R satisfies 

R{X,Y)S = (S,Y)X-(t,X)Y. (15) 

for all vector fields X, Y on M, then the K-contact manifold is called Sasakian. 

In Sasakian manifold 

X x f = pX, (Vx<p)Y = (S,Y)X-(X,Y)S = R{X,Z)Y. (16) 

The property (15) implies that the sectional curvature of M along the planes 
involving characteristic vector field f is equal to 1 and £ is a normal unit vector 
field while (16) means that f is strongly normal. So, we may apply Lemma 2.1 
and immediately get a f) = 0 . 

■ 

Now the sufficient part of the Theorem 2.1 follows immediately from Lemma 
2.2. Remark, that for the 3-dimensional manifold the we can prove a stronger 
result. 

Theorem 2.2 Let f be a unit Killing vector field on 3-dimensional Riemannian 
manifold M 3 . If f{M 3 ) is totally geodesic in T\M 3 then M 3 is either Sasakian 
and f is the characteristic vector field or M 3 = M 2 x E 1 metrically and f is the 
unit vector field of Euclidean factor. 

Proof. Indeed, (14) is true for any unit Killing vector field. If f(M 3 ) is totally 
geodesic, then there exist a Jacobi frame ei,e 2 in £-*- such that the sectional 
curvatures K^ ei = A(e Ae2 = K and K satisfies AT (1 — AT) = 0. Since e\ and 
e 2 are Jacobi fields along ((-geodesics, (R(e i,£)£, e 2 ) = 0 and therefore, for any 
unit X in £-*- it is easy to find that K^ax = K. Thus, all the sectional curvatures 
along 2-planes involving £ is equal either 0 or 1. The first case means that £ is a 
parallel vector field on M 3 . So, M 3 = M 2 x E 1 metrically and f is a unit vector 
field of Euclidean factor. The second case means that M 3 is K-contact which 
means in dimension 3 that M 3 is Sasakian and f is the characteristic vector 
field. 


The necessary part of the proof. Suppose now that f is geodesic vector 
field generating a totally geodesic submanifold in TiS' ra+1 . 

Since f is geodesic vector field, 

r ( e a, £)£ = Ve a = ~^ e a- 

Since the manifold is of constant curvature 1, 

r(€, e a )f = R{f, e a )f + r(e a , = -e a - A\e a , 

\ a \a(R(ea,0£, fo) = A q A a(fa,e a ) = (Ace a , Ay a ) = (A|e a ,/ CT ). 


7 



So we have 


^<7 1 aO — 2'^ (7a 0 ( ^ (A^e a , fa') (^cn fa') ~\~ fa') j" 

2 -^-(TaO ( A^e a T C a , fa') • 

If £ is a totally geodesic vector field, then 

(A|e a + e a , fa) = 0 
for all a, a = 1,..., n. This means that 

A 2 e a + e a = 0 

for all a and therefore each e a is the eigenvector for the operator A 2 correspond¬ 
ing to a common eigenvalue —1. Since A^ is a real operator, its eigenvalues are 
±7. In this case, with respect to some orthonormal frame, the matrix of 
takes a box-diagonal form with boxes of type 4 

0 ±1 \ 

Tl 0 j' 

This means that = 0 and therefore, £ is a Killing vector field on a sphere. 

Evidently, the dimension has to be be odd and the held has to be Hopf’s one. 

The proof is complete. 

Remark. The Hopf vector held is totally geodesic on the unit sphere only. 
If S 2m+1 {r) is a sphere of radius r, then £ is not Sasakian structure vector held 
but still unit Killing normal vector held satisfying K a = 1 and therefore 

^ ct |00 = 0 ; ^a\a0 = 0 ) 

&a\m+aO = ~&m+a\aO = ^ ^ J_-j 3 / 2 ^2 fi — ^2 ) ( a > Pi a = 1 , • • • j TO )- 

Thus, if r ^ 1 then £ does not generate a totally geodesic submanifold. Never¬ 
theless, it stays minimal. 


3 Stability of the Hopf vector field. 

3.1 General formula and preparations. 

Let M n be a submanifold in a Riemannian space R m . Denote by V 4 - a covariant 
derivative in normal bundle connection. Let ei (* = 1,..., n) be an orthonormal 
frame on M n and 77 be a normal variation held along M n . Denote by ki(jf) 
an i-th principal normal curvature of M n with respect to 77 and Jv(e,, rf) the 
sectional curvature of R m along a plane eiA?p Then the volume second variation 
of M n with respect to 77 is given by [3] 

5 2 Vol(i 7 ) = 

P ( n n 

J \ - M 2 ( - k i(v)kj(v)+J2 K (ei,v)) 

M" ^ i=1 hi; i = 1 



4 With additional condition of covariant normality (see the footnote on page 4) 



To apply the formula (17) to our case we should find the normal bundle 
connection for the submanifold C TiS 2m+1 . 

Lemma 3.1 Let X and Y be arbitrary vector fields on S n+1 (n = 2m). Denote 
Y 1 - = Y — (fi, Then, with respect to the Hopf unit vector field Z, 

v X i Y t = (y x v% \(a,x)(A,Y% 

where V means a covariant derivative with respect to the Levi-Civita connection 
on T\S n . 

Proof. With respect to the Levi-Civita connection V on T\M we have [1] 
V xh Y h = (X x Y) h - ±(R(X,Y)Z)\ = (X x YY + ±(R(Z,Y)X) h , 

V x tY h = \{R^,X)Y) h , V x tY* = ~(Y,£)X t . 

Using this formulas, we get 

= VW'' + V xh Y‘ - V {A , x)t (AlYr - V {A . x)tY ‘ = 

V.Y (A ( Y) + Y)X - AiX)A\Y + 

1 1 4 

VxY- -R{X,A\Y)^ + {Y^)A i X . 

Since £ is a Killing vector field, (9) and (13) are fulfilled and we have 

Vjq -17 = [-(V*^)y - MVxY) + ±R(Z, Y)X + ±R(Z, AtX)AtY] h + 
[Vxh + \R{X, A{Y)Z + (y, QAtX] 4 = 

[r(x, z)y + h R it Y ) x + h R (t h + 

[\R{X, A^Y)i + (y, t)AtX] ‘ + (V*y)£. 

Since R is a curvature tensor of a unit sphere and keeping in mind (9) and (12), 
we continue 

x Xl Y i = [(t Y ) x -\{ X ^~\(^ X ) Y + \{AiX,AsY)H] h + 

[-hit x)W + (z, y)a^x ] 4 + {X X Y)1 = 

[{t Y)X - \{X, Y)Z - ±<£, X)Y + \(X, Y)Z- 

x )it y K] ,l + [-hit x )AtY + (Z, Y)A i X ] 4 + (y x Y)l = 
[itY){X-(Z,X)Z) - h(tX)(Y- (S,Y)Z)] h + 

[-§<£> x)A ? y + (z, y)a^x ] 4 + (V* r)£ = 

[it Y ) {A(AtX) ±<£, x) (A^Y )] h + 

-hit x)a^y + (z, y)^x ] 4 + (Vxh)^ = 

(V.Y^ + (z^iAtX)^ i(e,x)(A ? y);. 
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Consider, now, (Vx^ 1 )^- 

(VxF 1 )^ = [^Vxy i ]' , + [Vx^ 1 ] 4 = 

'a*^/x{y - (£,r)£)]' t + [Vx(Y- (£,1^)]* = 

A^xY + i^AlA^x] 11 +[V x Y + (Z,Y)AsX] t = 

(V x Yy i+ (Z,Y)(AsXy c 

Since Aj £ = 0, we see that A^Y = AtF- 1 - . Comparing the results, we get 

= (V^ 1 )? - l(yX)(A^y 

what was claimed. 

■ 

Remark. As we see, the tangent component of the latter derivative is zero, 
which gives another proof of totally geodesic property of the Hopf vector field. 

Since Yff = (F- 1 -))), we may consider only the vectors from £-*- in all ^-normal 
lifting operations. So, keep this in mind in what follows. 

Corollary 3.1 Let V 1 - denote a covariant derivative in normal bundle of f{M). 
If £ is a Hopf vector field on the unit sphere S n+1 (n = 2to) then 

= (VxF)J - \(£, X)(A i Y) u i = -(£,X)Y h + 2(V a -F)‘, (18) 

for any X and Y £ £-*-. 

Proof. Indeed, if £ is a Hopf vector field for any F, Z we have 

((Yf, Z0) = (A*Y, A*Z) + (Y, Z) - (£, Z)(£, Y) = 
2(Y,Z)-2(Z,Z)(£,Y). 

Let F, Z £ Then by Lemma 3.1 and (9) 

«V X xF^» = (((V X Y)£ - ±({,X)(AfYy,Z£)) = 
2{V x Y-\(^X)A i Y,Z) - 2(VxY,Z)(£,Z) = 

2(VxL - (VxL, £)S, Z) + <£, X)(Y, A,Z) = 

«2 (V A T) f , Z*)) - « <£, X)Y\ ~{A^Z) h )) 

« - <?, X)Y h + 2(VxL)‘, {A\Z) h + Z‘» = 

((-(yX)Y h + 2(X x Y)\Zy). 

Since Z is arbitrary, we get the result. 
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3.2 Second variation of the volume for the Hopf vector 
field. 

Let £ be a given unit vector field on M n+1 . Then the vector field fj = (rj)^ 
can be considered as a field of volume variation for the submanifold £(M" +1 ), 
where rj is an arbitrary vector field in £-*-. For the case of the Hopf vector field 
on 5 ” +1 (n = 2 m), we may choose 


e-i = 



for * = 0 , 

775 ( e a + fa) for a = 1,... ,n, 


(19) 


where eo, e 1 ,..., e„, fo, fi, ■ ■ ■, f n form the singular bases for the A$- operator, 
as an orthonormal tangent frame of f(S n+1 ). Since £(S'" +1 ) is totally geodesic, 
the Duscliek formula (17) obtains the form 


8 2 Vol(fj) 



II vf^Kieurj) 

i =0 


dV, 


( 20 ) 


where is given by (18) and K is given by [2] 

€-i 

K(X, Y) = (R(X 1 ,Y 1 )Y 1 ,X 1 ) - 11 R(X U Y x )( | 2 + 

\ I R{^,Y 2 )X 1 + R(Z,X 2 )Y 1 \ 2 + |X 2 | 2 |F 2 | 2 - (x 2 ,y 2 ) 2 + 
3(R(X 1 ,Y 1 )Y 2 ,X 2 ) - (R(Z,X 2 )X 1 ,R{Z,Y 2 )Y 1 )+ 
((X Xi R)^,Y 2 )Y 1 ,X 1 ) + ((X Yi R)((,X 2 )X 1 ,Y 1 ), 


for an orthonormal basis X = X (* + X\ , Y = Yf 1 + Y£ ( X 2 , Y 2 € £-*-) of a 
2-plane tangent to Ti < S'” +1 . 

Lemma 3.2 Let £ be the Hopf vector field on S n+1 (n = 2m). Let rj £ ( ± 
generates a normal volume variation fj = (rj)g for the submanifold ((S n+1 ) C 
T x {S n+1 ). Let e 0 = £,e u ...,e n is a right singular frame for the operator . 
Then, the Duschek formula (17) can be reduced to the form 



2 n- 1 


S 2 Vol(rj) = / < 4| V eo ?7 1 2 + 2 \^e a V | 2 — \i) | 2 \dV, 


( 22 ) 


CK —1 


Proof. Denote the normal bundle connection for £(5' n+1 ). Prove, first, 
that 

n n 

E II = 4 l V e<P? I 2 + 2 E \^e a V | 2 - \v | 2 - 

i= 0 ct— 1 

Applying (18) and keeping in mind (19), we find 

Vj o rj=-( V ) h + 2(V eoV y 
Vjj=V2(X e<x v) t 
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Therefore 


E IIII = \V I 2 + 4 |V eo ?7 1 2 + 2 Ea=l ( |Ve a ?7 1 2 - (Ve Q >], 0 2 ) = 
M 2 + 4 |V eo ?71 2 + 2 E*=i ( l V e«?71 2 - (v , Ve a 0 2 ) = 

M 2 +4 |Ve 0 ?7 1 2 + 2 ELi \Ve a n\ 2 -2 ££ =1 <>? , /a) 2 = 
1771 2 +4 | Ve 0 ?71 2 + 2 Ea =1 |Ve Q r7| 2 -2|7 ? | 2 = 

4 I Ve 0 ?71 2 + 2 Ea=i IVe^l 2 -!^ 2 

and the proof is complete. 

Now prove that 


II?? II 2 = ^|??| 2 + (n- 2) I77 1 2 . 

i=0 

The sectional curvature of T\M n is given by (21) in presumption that X and 
Y are orthonormal. To find ||?7 || 2 A"(ej, fj ) we can use (21) setting Y = fj and 
keeping in mind that fj is of arbitrary length. 

Now set £ = A^rj and then fj = £" + rf . Evidently, 

(» 7 .C> = 0 , (> 7,0 = (C ,0 = O, M = |CI- ( 23 ) 

Set X = eo = eg and Y = C, h -\-rf. Then 

\\fj\\ 2 K(e 0 ,fj) = (R{e 0 ,()(,eo) - | | #(e 0 ,£)£ | 2 + \ \ R(t,v)eo f = 

ici 2 -^ici 2 + Jm 2 4m 2 

To find K(e a , fj ) for a = 1,... , n we set X = (eg + /*) and therefore 


Xi — -^=e Q , — (y =/<*■> 4' 1 — C, ^2 — V 

in application of (21). Thus we have 

II?? H 2 A'(e a , fj) =\ (R{e a , £)£, e Q ) - ^ | fl(e a , £)£ | 2 + 

i | i?(£, rj)e a + i?(£, / a )£| 2 + tjM 2 - ^(/a,??) 2 + 

|(i?(e a , C)??, /a) - (£, / a )e a , i?(£,??)£)• 

Now set 77“ = (77, / Q ). Then £“ = (£,e a ) = — (77,/ a ) = —77“. Keeping in mind 

(23) we get 

||^|| 2 if(e a ,? 7 ) = i I?? | 2 - |(??“) 2 + ^ |(e a ,77 ) T (/a,C )| 2 + ^l??| 2 - 
\{jl a ) 2 - |(e Q , 77 )(/„,£> = M 2 - (?? Q ) 2 - (>?, e a) 2 - 
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It is also easy to see that 


= \v\ 2 - 

Ql=l OL= 1 

Hence we have 

Hryll 2 ^(e 0 ,??) + ^ A'(e Q ,??)j = ^ \v | 2 + (n - 2) \ V | 2 . 
Combining the results we get what was claimed. 


Proposition 3.1 The Hopf vector field on the unit 3-sphere is stable. 

Proof. Since the subspace of right (and left) singular frames for the Hopf 
vector field coincides with £ x , we may choose the other two Hopf vector fields 
on S' 3 as ei and e 2 - Then 

V ei ei=0, V ei e 2 = —e 0 , 

Ve2Ci = eo, Ve 2 e2 = 0. 

Set ?7 = ? 7 1 ei + ife 2 - Set |grad? 7 Q | 2 = (ei(?? a )) 2 + (e 2 ( 7 /“))“ (a = 1,2). Then, 
using (24) we find 


l Ve « ? ? I 2 = I § rad? ? Q | 2 + \v i 2 - 


Therefore, 

5 2 


Vol(fj)= f {4|Ve 0 ??| 2 + 2^|grad? ? Q | 2 + i|? 7 | 2 | 

s 'l+i V «=i J 


dV > 0 


which means that £,(S 3 ) is stable. 


Proposition 3.2 The Hopf vector field on the unit n-sphere for n = 2m+l > 3 
is unstable. 

Proof. Choose the vectors of the singular frame such that eo = £ while the 
other ei,..., e^m are the horizontal lifts of vectors of orthonormal frame qk of 

CP m with respect to the Hopf fibration S' 2m+1 CP m . Then S7 qk qj = 0 and 
Jqik = q 2 k+i ( k,j = 1 ,...,m) for complex structure of CP n (see [8]). Then 
along the fiber, i.e. along the integral curves of eo = £, the following table of 
non-zero covariant derivatives can be achieved [8, 10]. 

V eo e2 k = e2fc-i, V eo e2fc-i = —e2 
^ e 2k e o = e2fc-i, Ve 2( ._ 1 eo = —e2fc 
^e 2 fc —I e 2fc = eo, Ve 2fc e 2 fc -1 = — eo, 
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where k = 1 ,..., m. 

Let rj = r? 2 fc_ 1 e2fc-i + ij 2 k e 2 k be a variation field. Then, using a table of 
derivatives, we find 

V eo 7 ? = (e 0 (? 7 2fe-1 ) + ?7 2fc ) e 2 fc-i + (e 0 (?? 2fc ) - T7 2fc_1 ) e 2 fc_i 
v e 2t _i 1 = e 2 t-i(? 7 2fc_1 ) e 2 fe_i + e 2 t -i(v 2k ) e2k + S st r] 2k e 0 
V 62t 77 = e 2 t{r] 2k ~ 1 ) e 2 k-i + e 2 t {r} 2 k )e 2k - 4 t J ? 2fc_1 e 0 , 

where is the Kronecker symbol. 

Set 

n 

|grad 77 | 2 = [e a (?7 <T )] 2 . 

Q! — 1 

Then 

n n 

l Ve <^ 1 2 = H I grad 77| 2 + |?71 2 

a=l a—1 

and 

m 

1 v«„, 1 2 = £ [( e „<„“) - +(»„(,“-■)+. 

fe=1 

To prove the instability, we should find variation field 77 providing a negative 
sign for the second volume variation. So, choose 


77 = coste 2 fc-i + sinfe 2 fc, 

where t is an arc-length parameter on eo-curves. Then 

V eo ??=0, grad 77 = 0 

and for the integrand in the Duscheck formula (22) we have 

5 — 2n, 


-1*7 r < 0 


for n > 2 , which completes the proof. 


4 Sectional curvature of the Hopf vector field. 

Since the Hopf vector field is totally geodesic in TiS'" +1 , the sectional curva¬ 
ture of £(5" +1 ) is completely defined by the curvature of T\S n+1 along the 
planes, tangent to £(S n+1 ). We can easily find it applying (3) and (21) to the 
Hopf vector field. Remind that the Hopf vector field is a characteristic one for 
the contact metric structure on the spheres. In contact metric geometry, the 
sections, containing characteristic vector field, are called ^-sections, while the 
sections of type X A <pX for le ^ 1 are called ^-sections. Using the notion of 
^-tangential lift (3), for any I £ ^ we call a 2-plane XJ A (£)£ as a ^-tangential 
lift of ^-section and a 2-plane XJ A (Vjf£)£, as a ^-tangential lift of (^-section. 
The following assertion holds. 
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Theorem 4.1 The sectional curvature of £(S 2rn+1 ) for the Hopf vector field 
varies between j and The curvature is minimal for Z-tangential lift of In¬ 
sertion and maximal for f-tangential lift, of ip-section 


The proof is elementary consequence of the Proposition below. It should be 
mentioned that the curvature of TiS n+1 varies between 0 and 5/4 [13]. The 
theorem clarifies geometrical meaning of the maximal curvature. The mini¬ 
mal curvature is, geometrically, the ^-sectional curvature of natural Sasakian 
structure on TiS n+1 (which,as well known, equals to 1/4 after rescaling). 


Proposition 4.1 Let Z be the Hopf vector field on S n+1 (n = 2m). Let XT, Yff 
be Z-tangential lifts of orthonormal vectors X and Y respectively. The sectional 
curvature K(XT,Yf) of f(S n+1 ) along the 2-plane (Xf, YJ) is given by 


K{XI,Y£) 


1 -\[{^ x ) 2 +{^ y ) 2 ] + \{ a ^ y ) 2 

2-[{Z,X) 2 + {Z,Y) 2 ] 


Proof. Let X and Y be unit mutually orthogonal vector fields on S n+1 . 
Then X/ = X h — (A^X) 1 and Yf = Y h — (A^Y) 1 form a basis of elementary 
2-plane, tangent to £(5'™ +1 ). This basis is not orthonormal, since 


||X ? 1 2 = |X| 2 + |^X| 2 = 2-<£,X) 2 , 

||r £ l 2 = |r| 2 + |^r| 2 = 2 — <£,y> 2 , 

{( x b Y t)) = ( X , Y ) + <^x,^y> = ~(z,x)(z,y). 

Therefore, the norm of bivector XT A Yf is 

II** A Y{ || = 4 - 2 (£, X) 2 - 2 <£, Y) 2 . (25) 

Now set Xi = X, Yi = Y, X 2 = AcX , F 2 = ARY and apply (21). We have 


(R(X 1 ,Y 1 )Y 1 ,X 1 ) = 1, 

| R{X U YJZ | 2 = | <£, Y) X - (£, X) Y | 2 = <£, Y ) 2 + (£, X) 2 , 

| R(z, y 2 )Xi + R(€,x 2 )Y I 2 = \(AfY,x)z - (z, x)al ? f+ 

<T,X, y)z - (z, y)A ? x | 2 = (z, x) 2 \AcY \ 2 + (z, y)V«*l 2 + 

2 (Z, X)(Z, Y)(A^X, A{Y) = (z, x) 2 (i - (z, Y ) 2 ) + (z, y) 2 ( 1 - (z, x) 2 )- 
2 (Z, X) 2 (Z, Y ) 2 = (Z, x) 2 + (Z, Y ) 2 - 4 (Z, X) 2 (Z, Y) 2 , 

|x 2 | 2 |y 2 | 2 - (x 2 ,y 2 ) 2 = |a ? x| 2 |t 5 t| 2 - (a ( x,a^y) 2 = 

(1 - (z, x) 2 )(1 - {z, y ) 2 ) - (z, x) 2 (z, y ) 2 = 1 - (z, x) 2 - (z, y) 2 , 

(R(X 1 ,Y 1 )Y 2 ,X 2 ) = ( - (A i Y,X)Y,A i X) = (A^X,Y) 2 , 

(R(Z, X 2 )X 1 ,R(Z, Y 2 )Y ± ) = < (Z, X) A^X, (Z, Y ) AtY) = -(Z, X) 2 (Z, Y) 2 . 
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Substituting the latter equalities into (21) and dividing the result by (25), we 
get 




l ~ l [(^ x ) 2 + (^ Y ) 2 ]+ l ( A t X ’ Y ) 2 

2-[<£,*> 2 + < ? , y > 2 ] 
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